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RAMSEY NUMBERS

• Ramsey theory (1928): emergence of order in large disordered structures

Party problem:  N ≧ 6 ⟹ 3 mutual friends or 3 mutual strangers

All graphs  N  ≧ R(m,n) vertices  ⟹ m--clique or n--independent set

• R(m,n) = two--color Ramsey number

• Very hard to calculate  — for  m,n ≧ 3, only 9 are known!
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Alien Demand:

In one year ------ R(5,5)

Alien Demand:

In one year ------ R(6,6)

Okay First strike !!!
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RAMSEY NUMBERS VIA OPTIMIZATION
[GAITAN & CLARK, PRL (2012)]

• Optimization Problem:

Inputs: 
Cost function:

N, m, n
h(G) = (# of m--cliques)  +  (# of n--independent sets)

SOLUTION: graph(s)  G*   =  global min of h(G);
N <  R(m,n)  ⇒ h(G*) = 0
N ≥ R(m,n)  ⇒  h(G*) ≥  1

• N--vertex graph G ⇔  Adjacency matrix  A(G) = (aij)

1. g(G) =  a2,1 ⋯ aN,1 a3,2 ⋯ aN,2 ⋯ aN--1,N

2. g(G) ⇔ |g(G)> ⟹ aij ⇔  |aij> ⟹ LN = N(N – 1)/2 qubits



RAMSEY NUMBERS QUANTUM ALGORITHM
[GAITAN & CLARK, PRL (2012)]

• Adiabatic quantum evolution (AQE)  [Farhi et al., arXiv.org:quant--ph/0001106]

H(t)  =  (1 – t/T) Hi   +  (t/T) HP
⇓

(0 ≤ t ≤ T)

⟹ HP |g(G)>  =  h(G)|g(G)>

• ALGORITHM:

Begin
Initialize: 
N < R(m,n)

AQE:
LN qubits Measure E

E ≥ 1

N = R(m,n)

N = N+1

End

E = 0

Finite T:  run K times to amplify success probability



NUMERICAL SIMULATIONS
[GAITAN & CLARK, PRL (2012)]

• Numerically simulated  adiabatic quantum computat ion of  
R(m,n):

R(s,2) = s  and  R(3,3) = 6

R(5,2) R(6,2) R(7,2) R(3,3)

N (Egs , D) N (Egs , D) N (Egs , D) N (Egs , D)

3 (0.0, 1) 4 (0.0, 1) 5 (0.0, 1) 4 (0.0,18)

4 (0.0, 1) 5 (0.0, 1) 6 (0.0, 1) 5 (0.0, 12)

5 (1.0, 11) 6 (1.0, 16) 7 (1.0, 22) 6 (2.0, 1760)



EXPERIMENTAL REALIZATION – D--WAVE DEVICE
[BIAN, CHUDAK, MACREADY, CLARK, GAITAN; ARXIV.ORG:1201.1842]

• Device implements quantum annealing; solves QUBO problems

• QUBO = Quadratic Unconstrained Binary Optimization

State: Cost function:
y = (y1, … , yN) ; yi = ±1; ℂ(y) = ∑i hi yi +  ∑i,j Kij yi yj

PROBLEM: Given {hi, Kij}  -- find global minima y* of ℂ(y)

• Quantum annealing

H(t) = A(t) Hi + B(t) HP

1. Adiabatic evolution;

2. Ground--state of Hi   ⟹ ground--state of HP
(prob. → 1)



EXPERIMENTAL REALIZATION – EMBEDDING RAMSEY INTO SC CHIP
[BIAN  ET AL.;  ARXIV.ORG:1201.1842]

∏e ∈ ξ ai,jij α + ∑α=1
C(N,n) ∏e ∈ ξ āi,jij α ;

g = a2,1 … aN,1 a3,2 … aN,2 … aN,N--1 ; C(N,m)  =  N!/m!(N--m)!

1. Operator expression: ai,j ⟹ projection operators

2. k--qubit interactions: k = max{ C(m,2), C(n,2) }

3. k--qubit  ⟹ 2--qubit interactions: ancilla qubits

4. 2--qubit coupling: Ramsey ⟹ Chip

ancilla qubits -- strong ferromagnetic coupling

RainRe(8r ,C2h) iEpm: 1b0e6d/d1i2n8g
• Ramsey cost function:

h(g)  =  ∑α=1
C(N,m)



EXPERIMENTAL RESULTS: R(3,3) = 6
[BIAN  ET AL.; ARXIV.ORG:1201.1842]

4 0 (0)

5 0 (0)

6 2 (2)

18 (18)

12 (12)

1758 (1760)

insert it again.

N = 645 N Egs D
The image cannot be displayed. Your computer may not have enough memory to open the image, or the image may have been corrupted. Restart your computer, and then open the file again. If the red x still appears, you may have to delete the image and then

(1) 100,000 QA runs
(2) 1 ms/QA run



EXPERIMENTAL RESULTS: R(S,2) = S
[BIAN  ET AL.; ARXIV.ORG:1201.1842]

• Measured R(s,2) for  4 ≤ s ≤ 8; show data for R(8,2)

N = 87

(1) 100,000 QA runs
(2) 1 ms/QA run

N Egs D

7 0 (0) 1 (1)

8 1 (1) 29 (29)



EXPERIMENTAL RESULTS - SUMMARY

N = Graph order; Egs = final ground-state energy; D = ground-state degeneracy

R(4,2) R(5,2) R(6,2) R(7,2) R(8,2)

N Egs D N Egs D N Egs D N Egs D N Egs D

3 0 (0) 1 (1) 4 0 (0) 1 (1) 5 0 (0) 1 (1) 6 0 (0) 1 (1) 7 0 (0) 1 (1)

4 1 (1) 7 (7) 5 1 (1) 11 (11) 6 1 (1) 16 (16) 7 1 (1) 22 (22) 8 1 (1) 29 (29)

R(s,2) = s

R(3,3) = 6

R(3,3)

N Egs D

4 0 (0) 18 (18)

5 0 (0) 12 (12)

6 2 (2) 1758 (1760)



SUMMARY

• Introduced quantum algorithm to calculate two--color Ramsey numbers R(m,n)

• Ramsey quantum algorithm implemented numerically and experimentally:

1. Numerically -- correctly determined R(3,3) and R(s,2)  for  5 ≤ s ≤ 7

2. Experimentally -- correctly determined R(3,3) and R(s,2)  for 4 ≤ s ≤ 8

3. Experimental implementat ion of R(8,2) computat ion:

(a) used 28 computat ional qubits  & 84 total qubits;

(b) largest experimental implementat ion of scientifically meaningful 
quantum algorithm.

References: (1)  Gaitan and Clark,  PRL 108, 010501 (2012);

(2)  Bian, Chudak, Macready, Clark, Gaitan; arXiv.org:1201.1842.



TWO--COLOR RAMSEY NUMBERS R(M,N)
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