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B uantum technology ("schroedinger's machines”)

@ uantum information
(communteation and computiwg)

@ uantum metrology
(callbration, 'Lwterferometrg, nanopositloning)

@ Xuantum tmaging
(ghost imaging and diffraction, gquantum Litograph Yy)



Bl antum characterization for quantum technology

@ (tis highLH destrable to have theoretical and
expertmental tools for the precise characterization
of signal and devices at the quantum Level



B cvuantum estimeation

@® The "resources" Lwvolved Lin qua ntum-enahnced

metrology/technology are entanglement, nonlocality,
entropy, tnterferometric phase-shift, ete..

v general they are not observable quantities tn strict
sense (do wot correspond to a selfadjoint operator)

@® No correspondence pr'wwipte

® \No uwcertaiwtg relations
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B Quantum estimeation

O, N> '{H.’B}mEX

= (z1,T9,...)

N Op’clmaL measurement

B ultimate bound to precision



B Quantum estimeation

N Optimal, measurement

B ultimate bownd to precision



B Measuwrement and estimation

B directmeasvacements

J indirect measurements

d—) influence on a different qua wtitg

S, N—=> . Y x=(z1,72,...)
X — A = f(x)

B choice of the measurement

B choice of the estimator



Il Cramer - Rao bound (unbiased estimators)

B variance of unbiased estimators

~ 1
Val“)\[)\] Z MF()\)

B M -> number of measurements

B F -> Fisher Information

F()) = / dz p(z|X) [0 og p(z|)

2

[] Optimal, measurement -> maximum Flsher

] Op’cimaL estimator -> saturation of CR Lnequa Litg]



B (Asy mptotieall Y) optimal estimators

@ ®Bayes estimator from a posteriort distribution

p(z|A)p(A) = p(A|z)p(x)

Laplace Von Mises Th. p(Al{z}) —= M (A*, 0%)

@ MaxlLik estimator(s) from the measurement Likelithood

L(x1,xg,..c|\) = I p(zi|\)



B CLet's go quantum (1)
(‘QO ->Q W . {Hiv}a:EX
(21,2, . ..

B probability density p(;{;‘)\) = ITr [Q)\ Hx]

2 ~ oA
selfadjoint, zero mean Tr [py Ly] = 0

B sywmw. log. derivative (SLD) Lyox+oxLx _ Oox

Re (Tr [oAIL, L))
TT[Q)\H:U]

B Fisher information F()\)Z/dg;




B Let’s go quantum (2)

v Tr[oAIlL;]
— /da:

2

VoVl
T [orL] \/7L/\\/—}

< /dx Tr 11z Lo L]

= Tr[LxorLx] = Tr[orL5]

(Braunstein and Caves [994)
@ Fisher vs uantum Fisher

F(\) < HQ\) = Tr[oaL3] = Tr[0xoaLa]

@® uantum Cramer-Rao bound  Var(A) >

MH()



B optimal quantum measurement (1)

@ the optimal measurement s a projectivc one, the spectral
measure Ls buillt with the elgenstates of the SLD

optimal gquantum measurement:
SLD + classical postprocessing (Bagesiaw, ML)



B ceneral formulas (basts indepedent)

Lyox+oxLx _ Oox

— LyapunoV egquatlon
5 AN I 4

@ symwmetric logarithmic derivative

Ly = 2/ dt exp{—oxt} Orox exp{—oxt}
0

® cuuantum Flsher (Wformatiow

H(\) = 2/ dt Tr [Oxox exp{—oxrt} Orox exp{—ort}]
0



B ceneral formulas

@® ra VMJ:LH of quantum states
O\ = Z Qn|¢n><wn|

@ symwmetric logarithmic derivative

8/\91) On —
A Epﬁ 0, |%p) (Vp| + 2 Qn+gm(¢ 0x%n) |¥m) (¥n]

® uantum Flsher (wformatiow

(0 n m)
HO) =3¢ “’p 22 (0 - |<¢m|awn>|2

p




B optinal quantum measurement (2)

1
= MHO

(Local quantum estimation theory)

ultimate bound on precision Var(\)

B feedback assisted/adaptive measurements

B owe-step adaptive procedure: rough estimate
of the parameter on a small fraction of coples
+ measurement of SLP on the rest of the copies



B uvunita ry {a milies of quantum states

ox = Uy 0o U)T\ 00 = Z in@n)(@n'

Uy = exp{—tAG} Oy0) = U,|G, QOJU)J[

1 _ U
@ covartance of SL> Ly = Uy Ly U,

(PWLHG 00 |(Pn> |§0 ><

Lo =2
Qn + QT?’L

n,m

Pm |

@ QF! is independent on the value of the parameter

2
n — Om
H = Tr 0o Lg) —22 - ) (Pm|Glen)?
ntm On Om



B parameter-baseo uwcertaiwtg relatlons

@ purestates H = 4(1po| AG?|1)

Var(\)(AG?) > %



B parameter-baseo uwcer’caiwcg relatlons

@ purestates H = 4(1po| AG?|1)
1

Var(A\)(AG?) > Vi

@ wuixed states
H =4Tr [AG?00] +4)  0a{#nl(G)® — 2GK™GC|py)

n 20— o) |1
KO =33 2 lem)om] ™ Slin) (oo

—1
Var(\)(AG?) > 1+ Z 0n{©n|( QGK(”)G|<pn)]



B cestimability of a parameter

@ sigwnal-to-nolse ratio (single measurement)
)\2
~ Var()\)

R)\ SQ)\E)\2H()\)

@ relative ervor for a 30 confidence tnterval
(after M measurements)

52_9Var()\) 91 9
MM O MQ, M>XH())

@ # of wmeas to achieve a givewn relative error



B cstimability of a parameter: the unitary case

ox =UxooU ;:
@ QXF! is independent on the value of the parameter

® (Any) estimation procedure cannot be
effictent for small value of the parameter

1
02 \?

Q)\O()\2 M(SOC



B A nonunita ry example: esttmation of Loss

o A oA P

B Master COUA.WCLOV\, Ciiidjb =tan¢ L{aloy exp{—~t} = cos?
Llalo = 2a'oa — a'ap — pa'a

® absorption @ propagation tn a wolsg chanwnel (T=0)



B A nonunitary example: estimation of Loss

o A oA P

, d
B Master equation didj) — tan @ L]alog exp{—yt} = cos? 6
Llalo = 2a'oa — a'ap — pa'a
® absorption @ propagation tn a woisg chanwnel (T=0)
® optinmeal measurement: Gaussiaw operations + photon count.

® ultimate preciston Var, [§] — ﬁXéf ;T O(v%)

proportional to the loss
Pa ra VWCtCY LtSﬂL‘f ! PRL 98, 160401 (2007) PHYSICAL REVIEW LETTERS 20" APRIL. 2007

Optimal Quantum Estimation of Loss in Bosonic Channels

Alex Monras' and Matteo G. A. Paris™*
'Grup de Fisica Teorica & IFAE, Universitat Autonoma de Barcelona, Bellaterra E-08193, Spain

“Dipartimento di Fisica dell’Universita di Milano, Milano 1-20133, Italia
(Received 7 February 2007; published 17 April 2007)



B cuantum interferometry

use of quantum
states of light to
improve sewsi’ci\/itg

Optimization over Lnput states (caves 19g1)
Effects of detection noise
Effects of losses

MuL’cipLC Lwterferewce

Fixed number of Partio!,es, atomic interf



B Estination of phase in the presence of phase diffusion

evolution Gaussian noise measurement

e (U, | ® | A" | @ :> Ug = exp{—ia'a ¢}

P P¢ Pp.A2

06 = NalUg QU;] = quNA[Q]U;
Nalo] = e 2 =m0 in)(m|

nm

B the notseless case the optimal probe Ls the squeezed
vacuum and H — 8(]\72 —+ N) (Mowras 2006)



B Estimation of phase in the presence of phase diffusion

B (n the presence of noise we have (approximate) scaling laws

H(N,A) ~ k?H(N/k,kA)  Bopt(N,A) = Bopt (N/E, kA)

H

’ ’ ’ ‘ ‘ F/H
. H'omoda nwLng Ls WeayLa D‘PtLV\A.DIL optumuzed 100, coherent
, . 100 |
for Low and high notse 50 0.95 f
PRL 106, 153603 (2011) PHYSICAL REVIEW LETTERS 0.90 f
Optical Phase Estimation in the Presence of Phase Diffusion 10 0.851
5
S N
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B Estination of phase in the presence of phase diffusion

B (n the presence of noise we have (approximate) scaling laws

H(N,A) ~ k?H(N/k,kA)  Bopt(N,A) = Bopt (N/E, kA)

’ ’ ’ ‘ ‘ F/H
Bl Howmodyning is nearly optimal optimized 100 coherent
, . 100 _
for Low and high notse 50 0.95 f
PRL 106, 153603 (2011) PHYSICAL REVIEW LETTERS 0.90 1
Optical Phase Esti n in the Pre of Phase Diffusion 10 0.851
-
0.005 0052 o0 2 4 6 & 10N
B Experiments with coherent states (large woise)
Km
e o 1.25¢
i o Ky = M Var[¢p|H
M2 PC 1. C p— ar
M B|Ha
1.15¢
Tps| o
— 1.10r
|
1.05 jm Em
, , ’ % oo A2 21 T 0 wun
. N
Bayes estim. Ls optimal for small samples 100 8o $ St M



Bl Estimation of entanglement

@ pure states (Schwmidt decomposition)
[Wq) =+/4|0)4]|0)B + /1 —q|1)a|l)B

@ cntanglement measure: function of g
(negativity, Linear and VN entropy)

® RSNR Ls vanishing for vanishing entanglement




B The muL’chammc’crio case

L,L,+L,L,

® cFtwmatrix H(A)u, =Tr|oa 5

@ ULound on covariance Covlyli; = (Ads) — (A)(A)
(not achievable)

1
C > _H\) !
ovr] > - H(\
, , 1
@ single parawmeter (achievable) Var(A,) > M(H—l)w

P~

repametrization X = {X; = N;(A)} A = g(A)

il

L,=) Bu,L, H=BHB" B, =0\/0\,




Bl Estimation of entanglement

@ different measures (negativity, entropy, distance)
and families of states (qubit and cv)

@ QF!is lnereasing with entanglement
RSNR diverges for maximal entanglement

@ Rubit: RSNR is vanishing for vanishing entanglement
Estimation of (Low) entanglement Ls Lwhercwch inefficient

@ Cv: appropriate entanglement measure may achieve
efficient estimation

M. G. Gewowl, P. Glorda and M. G. A. Paris PRA 2008



B Estimation of entanglement (@INRIM)
[1g) = cos | HH) + sin ¢|V'V)
Dy = cos® p|HH)Y(HH| +sin® ¢|VV)(VV|

Argon laser

e = Plthe) (Yo| + (1 — p) Dy
€ = psin 2¢

opti,maL estimation b Y visibLLLtH MEasUrements

Filsher tnformation is monotone
with entanglement <€>

Estimation of (low) entanglement 1'Of
LS LwlflerethH tnefficlent 0.5

01 43 b5/ 07 09

PRL 104, 100501 (2010) PHYSICAL REVIEW LETTERS 12 MARCH 2010 _O 5;
Experimental Estimation of Entanglement at the Quantum Limit
Giorgio Brida,' Ivo Pietro Degiovanni,’ Angela Florio,'” Marco Genovese,' Paolo Giorda,® Alice Meda,’ —_ 1 O [

Matteo G. A. Paris,”” and Alexander Shurupov®'’



[ ] Summary

@ uantum estimation for quantum technology:

OPtimaL guantum measurement in terms of SLD ano
ultimate bounds to the preciston of the estimation of
any quawtita of interest including non-observables

ntrinsic estimability of a parameter

classieal and gquantum contributions to uwoertalwtg

@ uuantum estimation of nonobservable gquantities

coupling constants
Lnterferometry

entanglement







B (classical) Bages'wm esttmators (1)

® =wayestheorem  p(z|A)p(A) = p(A|z)p(z)

® M Lwdipewolewt events: a poster'wri distribution

p(\{z}) = Hp k| \) N = [dx | ] p(zklN)

® Bagesww\, estimator: >\B _ /d)\ )\p(A|{fU})

meaw of the a posterlori distribution



B (classical) Bagcsiaw esttmators (2)

O Laplace - Bernsteln - Vo Mises theorema

p(A[{z}) T G(A*,0?)

® ®Bayes estimator Ls asy mptotica Ly effictent
2 1
og° =
MF()\*)




Bl Maxtik estimation
® Probability distribution p(x|N\)
® Rawndom sample T1,T2,...,Tym

@ _oint probability of the sample

‘C(xla 2, $M|A) — Hgil p(mkl)\)

Maxlik estimation =P take the value of the parameters
which maximize the Likelthood of the observed data



