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Prepara/on	  of	  Eigenstates	  

! 

H" = #"

-‐ 	  In	  op/miza/on,	  the	  lowest-‐energy	  state	  of	  H	  has	  large	  amplitude	  in	  a	  
basis	  state	  that	  encodes	  the	  solu/on	  to	  the	  problem	  [E.	  Farhi,	  et.al.,	  
Nishimori,	  et.al.,	  etc.]	  

-‐ 	  In	  physics	  simula/ons,	  the	  lowest-‐energy	  state	  is	  useful	  to	  compute	  a	  
quantum-‐phase	  diagram	  and	  understand	  states	  of	  ma^er	  such	  as	  
projected	  entangled	  pair	  states	  (PEPS)	  [Verstraete	  &	  Vidal]	  
	  
-‐ 	  In	  quantum	  compu/ng,	  the	  lowest-‐energy	  state	  has	  large	  amplitude	  in	  
the	  quantum	  state	  output	  by	  a	  quantum	  circuit	  [D.	  Aharonov	  &	  D.	  
Go^esman,	  et.al.]	  with	  addi/onal	  results	  in	  quantum	  complexity	  

Fast	  quantum	  methods	  to	  compute	  expecta/on	  values	  of	  observables	  in	  
eigenstates	  of	  H	  are	  desirable.	  Such	  methods	  usually	  result	  in	  speedups.	  	  



Adiaba/c	  State	  Transforma/ons	  
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"#$% & !'($)*+#(,!"(0) , !-./!/01/)*-$-/!#+!H(0), !0)-#!"(1) , !-./!/01/)*-$-/!#+!H(1).

-‐ 	  In	  classical	  computa/on,	  the	  AST	  problem	  may	  be	  solved	  by	  means	  of	  probabilis/c	  
methods	  such	  as	  quantum	  Monte-‐Carlo	  

-‐ 	  In	  quantum	  computa2on,	  the	  AST	  problem	  may	  be	  solved	  by	  means	  of	  quantum	  
adiaba2c	  evolu2ons	  
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Adiaba/c	  State	  Transforma/ons	  
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-‐ 	  In	  classical	  computa/on,	  the	  AST	  problem	  may	  be	  solved	  by	  means	  of	  probabilis/c	  
methods	  such	  as	  quantum	  Monte-‐Carlo	  

-‐ 	  In	  quantum	  computa2on,	  the	  AST	  problem	  may	  be	  solved	  by	  means	  of	  quantum	  
adiaba2c	  evolu2ons	  



Adiaba/c	  Approxima/ons	  in	  Quantum	  Mechanics	  
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The	  AST	  problem	  can	  be	  solved	  
if	  [Boixo,Knill,RDS	  (2010)]	  
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The	  evolu/on	  can	  be	  simulated	  by	  a	  quantum	  circuit	  of	  size	  
(almost)	  linear	  in	  T	  using	  product	  formulas	  [DW	  Berry,	  Cleve,	  ..
(2007)]	  
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Spectral	  Gap	  Amplifica/on	  Problem	  (GAP)	  

The	  success	  of	  AQC	  is	  based	  on	  heuris/cs…	  

The	  spectral	  gap	  amplifica/on	  problem	  is	  formulated	  
so	  as	  to	  obtain	  *provable*	  quantum	  speedups.	  



Spectral	  Gap	  Amplifica/on	  Problem	  (GAP)	  

The	  generic	  cost	  C(T)	  of	  quantum	  algorithms	  that	  prepare	  the	  
eigenstate	  depends	  on	  the	  inverse	  power	  of	  the	  spectral	  gap	  
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Quantum	  speedups	  that	  depend	  on	  
the	  magnitude	  of	  the	  amplifica/on	  



Spectral	  Gap	  Amplifica/on	  Problem	  (GAP)	  
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GAP:	  Frustra/on-‐free	  Hamiltonians	  
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Def.:	  H	  is	  frustra/on	  free	  if	  	  
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Proof	  (sketched)	  
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GAP:	  Frustra/on-‐free	  Hamiltonians	  

!!

! 

"#$%!&!'()*+,*-./!0*1!*$12.3./*-.4567 !

83!!!H = "k
k=1

L

# !!9*-.93.:9!*!3,)9-,*-.45; 3,::!1,41:,-<=!-#:5!$> !% !& $ /L( )

Def.:	  H	  is	  frustra/on	  free	  if	  	  
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Proof	  (sketched)	  
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Goal:	  Build	  H’	  so	  that	  its	  eigenvalues	  are	  the	  sines	  of	  the	  angles	  
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GAP:	  Frustra/on-‐free	  Hamiltonians	  
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GAP:	  Frustra/on-‐free	  Hamiltonians	  
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GAP:	  Frustra/on-‐free	  Hamiltonians	  
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GAP:	  Frustra/on-‐free	  Hamiltonians	  
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GAP:	  Frustra/on-‐free	  Hamiltonians	  
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GAP:	  Frustra/on-‐free	  Hamiltonians	  
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Spectrum	  of	  H	

GAP:	  Frustra/on-‐free	  Hamiltonians	  
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H '=UPU " P = H0 +H1
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m"O(| t |1+# ) [DW	  Berry,	  et.al.]	  

GAP:	  Frustra/on-‐free	  Hamiltonians	  

Implementa/on	  cost	  
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!!!!!!!!!!!!!!!!!!!!!!!!!!!! =U exp{#iPs1}U exp{iPs2}...U exp{#iPsm}U exp{iPsm}

The	  evolu/on	  for	  /me	  t	  can	  be	  simulated	  with	  (almost)	  a	  linear	  number	  
of	  calls	  to	  the	  black	  box	  	  

✗	  

! 

m"O[| t | .log(| t |)]
[R	  Cleve,	  S	  Gharibian,	  and	  RS,	  in	  prepara/on]	  
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GAP:	  Other	  Construc/ons	  
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1D	  case	  

Improved	  construc/ons	  
for	  the	  quantum	  adiaba/c	  
simula/on	  of	  quantum	  
circuits:	  
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GAP:	  Op/mal	  amplifica/on	  for	  frustra/on-‐Free	  Hamiltonians	  
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Proof	  (main	  idea):	  
	  
Reduce	  instances	  of	  SEARCH	  to	  GAP	  
	  
Prove	  that	  if	  a	  be^er-‐than-‐quadra/c	  amplifica/on	  for	  FF	  Hamiltonians	  were	  
possible,	  then	  SEARCH	  could	  be	  solved	  faster	  than	  known	  possible.	  
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GAP:	  Op/mal	  amplifica/on	  for	  frustra/on-‐Free	  Hamiltonians	  
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Proof	  (main	  idea):	  
	  
Reduce	  instances	  of	  SEARCH	  to	  GAP	  
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In	  addi/on,	  we	  require	  that	  H	  is	  such	  that	  
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GAP:	  Op/mal	  amplifica/on	  for	  frustra/on-‐Free	  Hamiltonians	  

!!

! 

"#$%!&!'()*+$,-!,$)-+.+/,*+(01 2 !!!!!!"'#$ "( )

Proof	  (main	  idea):	  
	  
Reduce	  instances	  of	  SEARCH	  to	  GAP	  
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In	  addi/on,	  we	  require	  that	  H	  is	  such	  that	  

Grover’s	  
oracle	  

SEARCH	  can	  be	  solved	  with	  
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Limits	  the	  gap	  amplifica/on!	  



GAP:	  No	  Amplifica/on	  in	  General	  
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Proof	  (main	  idea):	  
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Applica/ons	  of	  GAP:	  Quantum	  speedups	  of	  Monte	  Carlo	  for	  COPs	  

MC:	  A	  quick	  review	  
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Applica/ons	  of	  GAP:	  Quantum	  speedups	  of	  Monte	  Carlo	  for	  COPs	  

From	  a	  stochas2c	  matrix	  to	  a	  frustra2on-‐free	  Hamiltonian:	  
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Cost : !!C"O(1/ # S ) << n

Methods	  to	  evolve	  ‘adiaba/cally’	  at	  cost	  that	  depends	  on	  the	  inverse	  
gap	  only	  (not	  higher	  powers)	  exist	  [RS,	  et.al.,	  PRL’08]	  



GAP:	  Summary	  

-‐	  We	  introduced	  the	  GAP	  problem	  that	  resulted	  in	  (quadra/c)	  
quantum	  speed	  ups:	  gap	  amplifica/on	  of	  FF	  yields	  quantum	  
speedups	  of	  classical	  Monte	  Carlo	  Methods	  [RS,et.al.,PRL’08]	  

[1]	  



GAP:	  Summary	  

-‐	  We	  introduced	  the	  GAP	  problem	  that	  resulted	  in	  (quadra/c)	  
quantum	  speed	  ups:	  gap	  amplifica/on	  of	  FF	  yields	  quantum	  
speedups	  of	  classical	  Monte	  Carlo	  Methods	  [RS,et.al.,PRL’08]	  

[2]	  

-‐	  We	  proved	  that	  the	  quadra/c	  amplifica/on	  is	  op/mal	  for	  FF	  
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GAP:	  Summary	  

-‐	  We	  introduced	  the	  GAP	  problem	  that	  resulted	  in	  (quadra/c)	  
quantum	  speed	  ups:	  gap	  amplifica/on	  of	  FF	  yields	  quantum	  
speedups	  of	  classical	  Monte	  Carlo	  Methods	  [RDS,et.al.]	  

[>4]	  

-‐	  We	  proved	  that	  the	  quadra/c	  amplifica/on	  is	  op/mal	  for	  FF	  

-‐	  We	  gave	  local	  construc/ons	  for	  FF	  

-‐	  We	  proved	  that	  no	  gap	  amplifica/on	  is	  possible	  in	  general	  

Other	  interes/ng	  results	  in	  arXiv:	  1110.2494	  	  



GAP:	  Some	  Interes/ng	  Ques/ons	  

-‐	  Other	  implica/ons	  in	  quantum	  complexity?	  Speedups?	  

-‐	  Can	  we	  amplify	  the	  gap	  even	  further	  by	  allowing	  increases	  in	  the	  
number	  of	  systems?	  

THANK	  YOU!	  
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Goal:	  	  
Build	  a	  frustra/on-‐free	  Hamiltonian	  
whose	  lowest-‐eigenvalue	  
eigenstate	  has	  large	  amplitude	  in	  
the	  marked	  vertex	  and	  in	  the	  
uniform	  superposi/on	  state.	  

The	  search	  problem	  can	  be	  solved	  by	  
first	  preparing	  the	  uniform	  
superposi/on	  state,	  then	  measuring	  
the	  lowest-‐eigenvalue	  state,	  and	  
then	  measuring	  in	  the	  
computa/onal	  basis	  
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