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Context

Aim
Our aim is to capture fluxes (pressure and thermal fluxes) in the flow over
a blunt hypersonic body.
Turbulence has a great impact on the values of these quantities so we
need a robust and accurate model to do the job.
Here we present a first-order turbulent model based on Wilcox k − ω
model.
We are only interested in solving stationnary states.

CEA/CESTA | Multimat 2013,San Francisco | PAGE 3/32



Incompressible k − ω turbulent equations

Equations for U (velocity), k (turbulent kinetic energy) and ω
(characteristic frequency of the turbulence)

∂tU + U · ∇U +∇
(

P +
2
3

k
)

= ∇ ·
[
(ν + νt )

(
∇U +∇UT

)]
,

∇ · U = 0,
∂tk + U · ∇k = 2νt (S : S)− β∗kω +∇ · [(ν + σ∗νt )∇k ] ,

∂tω + U · ∇ω = 2α (S : S)− βω2 +∇ · [(ν + σνt )∇ω] ,

νt =
k
ω
, α =

13
25
, β = β0fβ , β∗ = β∗0 fβ ,

σ = σ∗ = 0.5, β0 =
9

125
, β∗0 =

9
100

,

fβ =
1 + 70χω
1 + 80χω

où χω =

∣∣∣∣ (Ω⊗ Ω) : S
(β0ω)3

∣∣∣∣ ,
f ∗β =


1 , χk ≤ 0
1 + 680χ2

k
1 + 400χk

, χk ≥ 0
, χk =

1
ω3∇k∇ω.
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From incompressible flows towards compress-
ible flows

Compressible equations
Compressible equations are obtained by analogy with incompressible
equations. Mean quantities are defined by pondering by the mass
(Favre’s averaging).
We ensure in the code that Reynolds Tensor

R = (ν + νt )
(
∇U +∇UT

)
− 2

3
k I have all his diagonal coefficients

negative and all non diagonal satisfy
∣∣Rij
∣∣ ≤√RiiRjj because of its

physical meaning (“realisibility condition”).
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Final system of equations (1)

∂t (ρ) +∇ · (ρU) = 0,

∂t (ρU) +∇ (ρU ⊗ U) +∇
(

P +
2
3
ρk
)

= ∇ ·
[
ρ (ν + νt )

(
∇U +∇UT − 2

3
(∇ · U)I

)]
,

∂t (ρE) +∇
((

ρE + P +
2
3
ρk
)

U
)
−∇ ·

((
λ+

ρνtCp

Prt

)
∇T
)

= ∇ ·
[
ρ (ν + νt )

(
∇U +∇UT − 2

3
(∇ · U)I

)
U
]

+∇ · [ρ (ν + σ∗νt )∇k ] ,

∂t (ρk) +∇ · (ρkU) = −fcρR : ∇U − β∗newρkω +∇ · [ρ (ν + σ∗νt )∇k ] ,

∂t (ρω) +∇ · (ρωU) = −αfcρR : ∇U − βnewρω
2 +∇ · [ρ (ν + σνt )∇ω] ,

νt = α∗
k
ω
, ν =

µ

ρ
,

S =
∇U +∇UT

2
,Ω =

∇U −∇UT

2
,R = νt

(
2S − 2

3
(∇ · U)I

)
− 2

3
k I,
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Final system of equations (2)

fc = 1.7,Ret =
k
νω

, σ = σ∗ = 0.5, β0 =
9

125
, β∗0 =

9
100

, α∗0 =
1
3
β0 , α0 =

1
9
,

α∗ =
α∗0 + Ret/Rk

1 + Ret/Rk
, α =

13
25

α0 + (Ret/Rω)

1 + (Ret/Rω)
(α∗)−1,

β = β0
4/15 + (Ret/Rβ)4

1 + (Ret/Rβ)4 fβ , β∗ = β∗0 fβ ,

β∗new = β∗ − 1.5 max(Ma2
t −Ma2

t0 ,0)β où Mat0 = 0.5

βnew = β(1 + 1.5 max(Ma2
t −Ma2

t0 ,0))

Rβ = 8 , Rk = 6 , Rω = 6

fβ =
1 + 70χω
1 + 80χω

où χω =

∣∣∣∣ (Ω⊗ Ω) : S
(β0ω)3

∣∣∣∣ ,
f ∗β =


1 , χk ≤ 0
1 + 680χ2

k
1 + 400χk

, χk ≥ 0
, χk =

1
ω3∇k∇ω,

Prt = 0.7.
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Boundary conditions

Boundary layer equations

∂t (ρk) +∇ · (ρkU) = ρR : ∇U − β∗ρkω +∇ · [ρ (ν + σ∗νt )∇k ] ,

∂t (ρω) +∇ · (ρωU) = αρR : ∇U − βρω2 +∇ · [ρ (ν + σνt )∇ω] .

If one looks for k ∼ Ck yn and ω ∼ Cω
yn so that dissipation ε = kω tends to a

finite value when the wall distance y tends to zero, one gets:

0 = −β∗CωCk + ν(n(n − 1))Ck yn−2, (1)
0 = −βC2

ωy−2n + ν(n(n + 1))Cωy−n−2. (2)

Equation (1) gives n = 2 and β∗Cω = 2ν.
Zquation (2) is satisfied if and only if −2n = n − 2 which also means n = 2
and βCω = 6ν.
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Some mathematical properties of a simplified
incompressible model(1)

∂tU + U · ∇U +∇
(

P +
2
3

k
)

= ∇ ·
[
(ν + νt )

(
∇U +∇UT

)]
,

∇ · U = 0,
∂tk + U · ∇k = 2νt (S : S)− β∗kω +∇ · [(ν + σ∗νt )∇k ] ,

∂tω + U · ∇ω = 2α (S : S)− βω2 +∇ · [(ν + σνt )∇ω] ,

νt =
k
ω
, α =

13
25
, σ = σ∗ = 0.5, β =

9
125

, β∗ =
9

100
.

If one looks for regular local in time 3D solutions to the k − ω model (in Sobolev spaces) on
bounded regular domains we have the following properties:

Framework of the work
we suppose that U is in the Sobolev space Hs

0 for small times with s > 4 + 3/2.

we suppose that k is in the Sobolev space Hs
0 for small times with s > 4 + 3/2. item we

suppose that ω − ω0 is in the Sobolev space Hs
0 for small times with s > 4 + 3/2 where ω0

is a constant (the boundary condition on the domain).
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Some properties of a simplified incompress-
ible model(2)

Then we have

A priori estimates
There exists some integer n depending on s such that

d
dt
(
||U||2Hs + ||k ||2Hs + ||ω − ω0||2Hs

)
≤
(
||U||2Hs + ||k ||2Hs + ||ω − ω0||2Hs

)n(s)

so that if one finds ways to construct solutions through an iterative process
there will exist local in time smooth solutions in 3D. (Mathiaud 2008 :“Local
smooth solutions of the incompressible k − ε model and the low turbulent
diffusion limit)
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System of turbulent equations

The global system of compressible equations can be under the following form:

∂tV + ∂xF (V ) + ∂2
xxG(V ) = S(V ) (3)

where V is the vector


ρ
ρU
ρE
ρk
ρω

, F (V ) represents the flux associated to V ,

G(V ) the diffusive part of the system and S(V ) the source term.
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Numerical solving of the stationnary states

The time marching is solved through:

V n+1 − V n

dt
+ ∂xF (V n+1) + ∂2

xxG(V n+1) = S(V n+1) (4)

We use a finite volume scheme for Navier-Stokes equations with a Roe-type
solver.

We note

∆(ρk) = ρn+1kn+1 − ρnkn, (5)
∆(ρω) = ρn+1ωn+1 − ρnωn, (6)
∆ρ = ρn+1 − ρn, (7)
∆(ρU) = ρn+1Un+1 − ρnUn. (8)
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Implicitation of k and ω equations

If one linearizes turbulent kinetic equation around the state at time n one gets:

∆ρk
dt

+∇ · (Unρnkn) +∇ · (Un∆ρk) +∇ · (kn∆ρU) +∇ ·

(
−Unkn

(ρn)2 ∆ρ

)
= (−fcρR : ∇U)n − (β∗new )nρnknωn − (β∗new )nωn∆ρk − (β∗new )nkn∆ρω

+ ∇ ·
[
(ρ (ν + σ∗νt ))n∇kn]+∇ ·

[
(ν + σ∗νt )

n∇(∆ρk)
]

− ∇ ·
[(

(ν + σ∗νt )
n kn)∇(∆ρ)

]
Then turning to ω equation:

∆ρω

dt
+∇ · (Unρnωn) +∇ · (Un∆ρω) +∇ · (ωn∆ρU) +∇ ·

(
−Unωn

(ρn)2 ∆ρ

)
= (−αfcρR : ∇U)n − (β∗new )nρnωnωn − (β∗new )nωn∆ω − (β∗new )nωn∆ω

+ ∇ ·
[
(ρ (ν + σ∗νt ))n∇ωn]+∇ ·

[
(ν + σ∗νt )

n∇(∆ρω)
]

− ∇ ·
[(

(ν + σ∗νt )
n
ωn)∇(∆ρ)

]
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Stationnary state

Looking for stationnary states

∆ρk
dt

+∇ · (Unρnkn) +∇ · (Un∆ρk) +∇ · (kn∆ρU) +∇ ·

(
−Unkn

(ρn)2 ∆ρ

)
= (−fcρR : ∇U)n − (β∗new )nρnknωn − (β∗new )nωn∆ρk − (β∗new )nkn∆ρω

+ ∇ ·
[
(ρ (ν + σ∗νt ))n∇kn]+∇ ·

[
(ν + σ∗νt )

n∇(∆ρk)
]

∆ρω

dt
+∇ · (Unρnωn) +∇ · (Un∆ρω) +∇ · (ωn∆ρU) +∇ ·

(
−Unωn

(ρn)2 ∆ρ

)
= (−αfcρR : ∇U)n − (β∗new )nρnωnωn − (β∗new )nωn∆ω − (β∗new )nωn∆ω

+ ∇ ·
[
(ρ (ν + σ∗νt ))n∇ωn]+∇ ·

[
(ν + σ∗νt )

n∇(∆ρω)
]
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2D ramp at mach 5 (Delery 1990)

�������������������������
�������������������������
�������������������������
�������������������������

35
deg

Mach 5

Pressure 5932 SI

Density  0.2489 SI 
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2D ramp
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Figure: Pressure coefficient & Stanton Number

Cp =
P − P∞
1
2
ρ∞V 2

∞

, St =
λ∇T · −→n

ρ∞V∞C
(

T∞(1 + γ−1
2 M2

∞)− Tp

)
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3D results
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2D .vs. 3D

Figure: Pressure coefficient & Stanton Number

3D results are quite in agreement with 2D results
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Dutton and Herrin experiment(1994, AIAA
Journal Vol. 32, No. 1, January )
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Mach Number and Turbulent intensity

Figure: Recirculation point measured at 0.084m by Dutton and assessed at 0.1m by the code

Figure: Ratio between k and
1
2

u2: the max was measured at 0.044 by Dutton

CEA/CESTA | Multimat 2013,San Francisco | PAGE 22/32



Pressure results for different models

Figure: Cp on the wall
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2D (5.104 cells) .vs. 3D (107 cells)

Figure: Cp on the wall Figure: Reattachment point
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Why such a difference?(1)

Putting rough boundary conditions

Figure: Reattachment point
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Why such a difference?(2)

Flaws in the mesh creating orthoradial velocity

Figure: Flaws in the mesh creating orthoradial velocity
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Conclusions & Prospects

The k − ω has been improved to provide good agreements with
experiments.

Theoretical and Numerical analysis have been done.

Understanding 3D results are still under investigation. Fortunately we are
able to perform computations very rapidly (3 hours on 1000 processors
for 107 cells.
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2D Dutton experiment: data

data from Dutton(1991)
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2D Dutton experiment: mesh

Figure: Icem mesh with 47888 nodes (R=32mm)
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Velocity field
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Reattachment zone for 2D models

Figure: Mach number: CEA k − w ,Fluent k − ω model, Herrin & Dutton experimental
results, k − εmodel in Fluent, k − ωmodel in Fluent)

CEA/CESTA | Multimat 2013,San Francisco | PAGE 32/32


	Context & Equations
	Context

	Theoretical and numerical solvings
	Results
	Ramp at mach 5 (Delery 1990)
	Dutton and Herrin experiment

	Conclusions & Prospects
	Appendix

