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Outline 

 Lessons	  from	  history	  –	  an	  inspira<on	  for	  this	  talk	  
 The	  core	  of	  what	  is	  done	  for	  remap	  has	  a	  very	  
simple	  basis	  
 Classes	  of	  new	  methods	  found	  in	  old	  places.	  
 Results	  of	  basic	  accuracy	  and	  stability	  analysis.	  
	  
Note:	  I’m	  going	  to	  look	  at	  methods	  associated	  with	  
advec<on	  synonymous	  with	  remap.	  	  One	  useful	  
perspec<ve	  is	  that	  these	  are	  simply	  general	  methods	  
for	  hyperbolic	  conserva<on	  (balance)	  laws.	  
	  



There was a symposium in June honoring 
three CFD greats – Van Leer, Roe and Jameson 

 It	  was	  a	  really	  interes<ng	  few	  days	  and	  it	  provided	  some	  
perspec<ve	  on	  the	  history	  of	  our	  field.	  



“Read the Classics!” Don’t just cite them, a 
way of summarizing Van Leer’s talk there. 



Van	  Leer	  introduced	  the	  PLM	  (and	  PPM)	  method	  in	  his	  
1977	  paper,	  and	  more	  

PLM	  
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Reasoning for rethinking advection & remap 

 For	  the	  most	  part	  this	  community	  has	  focused	  upon	  a	  
single	  method	  (Van	  Leer’s	  slope	  limiter)	  for	  remap	  
 That	  method	  was	  introduced	  in	  that	  1977	  paper,	  which	  
also	  includes	  six	  different	  methods	  (of	  three	  basic	  types).	  
 We	  will	  look	  at	  this	  paper	  and	  the	  method’s	  contained	  
therein	  for	  opportuni<es	  that	  we	  might	  have	  missed.	  
 The	  method	  favored	  for	  remap	  is	  the	  “worst”	  of	  the	  six	  

 Some	  of	  these	  methods	  may	  be	  much	  be_er	  on	  modern	  
compu<ng	  pla`orms	  due	  to	  their	  compact	  nature.	  
 For	  example,	  Paul	  Woodward’s	  PPB	  scheme	  is	  based	  
on	  Van	  Leer’s	  scheme	  VI	  
 Scheme	  VI	  is	  not	  described	  in	  detail	  in	  the	  ‘77	  paper	  



The six schemes introduced in Van Leer’s paper 
 	  I	  –	  The	  standard	  slope	  limited	  method	  
 You	  know	  all	  about	  it	  

 II	  –	  The	  evolved	  slope	  scheme	  (Hermite	  scheme)	  
 Described	  briefly	  here	  

 III	  –	  Piecewise	  linear	  DG	  (moment	  method)	  
 Focus	  of	  lots	  of	  recent	  effort	  

 IV	  –	  Piecewise	  parabolic	  on	  three	  points	  
 Basis	  for	  the	  famous	  PPM	  scheme	  
 Used	  for	  ALEGRA	  these	  days	  in	  the	  three	  point	  form.	  

 V	  –	  Piecewise	  parabolic	  with	  evolving	  edge	  values	  
 Reintroduced	  as	  the	  PPM-‐L	  scheme	  

 VI	  –	  Piecewise	  parabolic	  DG	  
 Woodward’s	  PPB	  scheme	  



Its	  always	  important	  to	  start	  with	  a	  stability	  analysis	  to	  
make	  sure	  you’re	  on	  the	  right	  path.	  

 Before	  taking	  the	  <me	  to	  code	  a	  scheme	  one	  
should	  know	  exactly	  what	  to	  expect	  from	  the	  
method.	  	  It	  also	  makes	  a	  good	  <me	  to	  state	  the	  
design	  principles:	  

1.   Have	  a	  stable	  dissipa<ve	  (entropy	  condi<on	  
sa<sfying)	  monotone	  method	  as	  a	  founda<on,	  

2.   Blend	  it	  with	  a	  stable	  (upsteam-‐centered)	  high-‐
order	  method	  

3.   Define	  the	  blending	  via	  monotonicity	  or	  some	  
other	  nonlinear	  stability	  principle	  .	  

4.   Test,	  test,	  test	  



High-Resolution Methods 

 Provide	  an	  introduc<on	  to	  high-‐resolu,on	  schemes	  
including	  some	  ideas	  about	  mo<va<on	  and	  implementa<on	  

	  	  
 These	  methods	  have	  provided	  an	  enormous	  upgrade	  in	  
computa<onal	  performance	  over	  the	  previous	  genera<on	  
of	  methods.	  

	  
 The	  Dogbert	  Principle:	  “Logically	  all	  things	  are	  created	  by	  
a	  combina,on	  of	  simpler,	  less	  capable	  components”	  (see	  
Laney	  in	  Computa<onal	  Gasdynamics)	  



Now	  we	  will	  spend	  <me	  looking	  at	  linear	  and	  parabolic	  
reconstruc<on	  procedures.	  

	  
 PLM	  is	  the	  piecewise	  linear	  method	  (Van	  Leer	  I)	  
 PPM	  is	  the	  piecewise	  parabolic	  method	  (Van	  Leer	  IV)	  
 Both	  methods	  produce	  high	  quality	  methods	  



How does accuracy change with polynomial order 
and approach? 

 We	  will	  move	  through	  a	  series	  of	  polynomial	  descrip<ons	  of	  
different	  type	  and	  order	  looking	  at	  interpolatory	  accuracy.	  
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Piecewise Constant is the basis of first-order 
Godunov or donor cell 
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Piecewise linear is the basis of second-order 
methods, and remap (Scheme I). 

Integrated	  Error	  =	  0.448	  	  
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We are going to examine a couple of different 
parabolic reconstructions (Scheme IV). 

Integrated	  Error	  =	  0.427	  	  
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A differently constructed parabola is much better 
(Scheme V) 

Integrated	  Error	  =	  0.080	  
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A cubic reconstruction is better still 

Integrated	  Error	  =	  0.065	  
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…and a quartic reconstruction improves a bit 
more 

Integrated	  Error	  =	  0.058	  
-3 -2 -1 1 2 3

0.5

1.0

1.5

2.0

2.5

3.0

3.5



Just a note about moment-based methods (i.e., 
discontinuous Galerkin, Scheme III) – 1st moment 

Integrated	  Error	  =	  0.208	  
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Just a note about moment-based methods (i.e., 
discontinuous Galerkin, Scheme VI) – 2nd moment 

Integrated	  Error	  =	  0.042	  
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A	  second-‐order	  Godunov	  method	  uses	  piecewise	  
linear	  polynomials.	  

 The	  second-‐order	  polynomial	  uses	  the	  cell	  average	  and	  a	  
first-‐deriva<ve	  (oien	  called	  a	  slope),	  

 Several	  key	  requirements	  are	  necessary	  for	  this	  to	  useful:	  

 Conserva<on	  

 Accuracy	  

 Boundedness	  (monotonicity)-‐	  uses	  limiters	  and	  not	  our	  
focus	  here	  

Pj (θ ) = P0 + P1θ;P0 = U j ;P1 = S j

U j = Pj (θ )∫ dθ = P0

S j = P1 =
∂P
∂θ

= ∂U
∂x
∆ x



Making	  PLM	  second-‐order	  in	  <me	  is	  rela<vely	  simple.	  

 Taking	  the	  defini<on	  of	  the	  <me-‐averaged	  value	  from	  
the	  integral	  we	  can	  find	  a	  second-‐order	  <me-‐accurate	  
value,	  

1
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∫ dθ = 1
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∫ dθ = P0 +
1
2
1−C( )P1

1
−C

P θ( )
−1/2

−1/2−C
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There’s	  more,	  the	  slope	  before	  limi<ng	  can	  be	  chosen	  
more	  broadly.	  

 High-‐order	  slopes	  can	  improve	  the	  performance	  of	  the	  
method,	  

 An	  example	  would	  be	  a	  fourth-‐order	  choice,	  

 Or	  a	  sixth-‐order	  choice	  

 Or	  whatever	  you	  like…	  
 It	  can	  be	  used	  in	  conjunc<on	  with	  the	  limiter	  

S j := minmod S j ,2∆ j−1/2 U,2∆ j+1/2 U⎡⎣ ⎤⎦

S j
n =

8 U j+1
n −U j−1

n( )− U j+2
n −U j−2

n( )
12

S j
n =

45 U j+1
n −U j−1

n( )− 9 U j+2
n −U j−2

n( ) + U j+3
n −U j−3

n( )
60



Now	  we	  will	  spend	  <me	  looking	  at	  linear	  and	  
parabolic	  reconstruc<on	  procedures.	  

 PLM	  is	  the	  piecewise	  linear	  method	  (Van	  Leer	  I)	  
 PPM	  is	  the	  piecewise	  parabolic	  method	  (Van	  Leer	  IV)	  
 Both	  methods	  produce	  high	  quality	  methods	  



The	  PPM	  method	  first	  studied	  by	  Van	  Leer	  in	  ‘77	  
appeared	  in	  Colella	  &	  Woodward’s	  paper.	  



A	  second-‐order	  Godunov	  method	  uses	  piecewise	  
linear	  polynomials.	  

 The	  second-‐order	  polynomial	  uses	  the	  cell	  average	  and	  
the	  cell	  edge	  values,	  

 Several	  key	  requirements	  are	  necessary	  for	  this	  to	  
useful:	  

 Conserva<on	  

 Accuracy	  

 Boundedness	  (monotonicity)-‐not	  today.	  

Pj (θ ) = P0 + P1θ + P2θ
2

U j = Pj (θ )∫ dθ = P0

 U j±1/2 = U x j±1/2( ) + O ∆ xn( )

P0 = U j
n − 1

12 P2;P1 = U j+1/2
n −U j−1/2

n ;P2 = 3 U j+1/2
n − 2U j

n +U j−1/2
n( )



Making	  PPM	  third-‐order	  in	  <me	  more	  complex.	  

 Taking	  the	  defini<on	  of	  the	  <me-‐averaged	  value	  from	  
the	  integral	  we	  can	  find	  a	  second-‐order	  <me-‐accurate	  
value,	  

1
−C

P θ( )
1/2

1/2−C

∫ dθ = P0 + P1θ + P2θ
2( )

1/2

1/2−C

∫ dθ
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2( ) + P2 1
4 − C

2 + C2
3( )

1
−C

P θ( )
−1/2

−1/2−C

∫ dθ = P0 + P1θ + P2θ
2( )

−1/2

−1/2−C

∫ dθ

U j−1/2 = P0 + P1 − 1
2 − C

2( ) + P2 1
4 + C

2 + C2
3( )



There’s	  more,	  the	  ini<al	  edge	  values	  need	  to	  be	  
chosen.	  

 Colella	  and	  Woodward	  chose	  fourth-‐order	  values*.	  
	  
 Higher-‐order	  edges	  can	  improve	  the	  performance	  of	  the	  
method,	  a	  sixth-‐order	  choice	  

 Or	  a	  fiih-‐order	  upwind	  choice	  

 Or	  whatever	  you	  like,	  a	  least	  third-‐order	  or	  its	  not	  
worth	  it!	  

*	  C&W	  actually	  use	  a	  special	  fourth-‐order	  method	  
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Scheme Stability & Truncation Error is 
exceptional 

 Using	  Fourier	  analysis:	  	  
 All	  stable	  to	  CFL=1	  

 Fourth-‐order	  trunca<on	  error	  
 Amplitude	  
 Phase	  

 Sixth-‐order	  trunca<on	  error	  
 Amplitude	  
 Phase	  

 Seventh-‐order	  trunca<on	  error	  
 Amplitude	  
 Phase	  
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The next couple of schemes are different 

 The	  evolu<on	  for	  wj’s	  will	  be	  the	  same	  using	  the	  integral	  (weak)	  
form	  

	  
 For	  the	  PLM	  now	  we	  evolve	  the	  “Sj’s”	  using	  the	  strong	  form	  of	  the	  
PDE	  

 For	  PPM	  we	  now	  evolve	  the	  edge	  wj±1/2’s	  ”	  using	  the	  strong	  form	  of	  
the	  PDE	  

 !!
∂
∂t wdx + wdS∫∫ =0→ ∂

∂t w = − 1
∆x w j+1/2 −wj−1/2( )

!!
∂
∂x

∂w
∂t

+ ∂w
∂x

⎛
⎝⎜

⎞
⎠⎟
=0→ ∂

∂t
∂w
∂x

+ ∂
∂x

∂w
∂x

=0→ ∂s
∂t

+ ∂s
∂x

=0

!!
∂w
∂t

+ ∂w
∂x

=0 If	  the	  method	  is	  higher	  than	  	  
second-‐order	  this	  maOer	  a	  lot!	  



Van Leer II – The slope evolution scheme 

 This	  scheme	  uses	  the	  evolu<on	  of	  the	  slope	  (gradient)	  as	  
an	  extra	  equa<on,	  otherwise	  it	  is	  a	  “PLM”	  method	  with	  
be_er	  accuracy,	  

 This	  defines	  the	  simplest	  Hermi<an	  method.	  
 Very	  similar	  in	  flavor	  to	  discon<nuous	  Galerkin	  except	  
the	  gradient	  evolu<on	  is	  differen<al	  rather	  than	  integral	  

 More	  complex	  schemes	  can	  be	  defined	  by	  combining	  the	  
data	  from	  mul<ple	  cells.	  
 These	  methods	  are	  both	  compact	  and	  capable	  of	  higher	  
resolu<on.	  
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n + 1
2 S j

n

!!S j
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n −C S j
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Van Leer II - Properties 

 With	  two	  degrees	  of	  freedom,	  there	  are	  two	  
computa<onal	  modes	  to	  analyze	  (one	  is	  “spurious”)	  

	  

 Trunca<on	  error	  is	  nice	  although	  there	  is	  an	  issue…	  
basically	  the	  same	  as	  VLI	  (PLM),	  but	  be_er	  at	  C=1/2	  
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VL II Phase Error Plots 

 The	  phase	  error	  show	  the	  problems	  with	  VLII	  (at	  small	  
Courant	  numbers,	  at	  close	  to	  mesh	  scale).	  
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Van Leer V – Evolved edge values 

 This	  method	  has	  largely	  been	  ignored	  un<l	  lately.	  
 Several	  Authors	  have	  reinvented	  Van	  Leer’s	  method	  
without	  realizing	  it	  (looking	  at	  references).	  
 Popov’s	  PPM-‐L	  scheme	  	  

 Zeng’s	  hybrid	  differencing	  (FV-‐FD	  method)	  	  
 Eymann	  and	  Roe’s	  ac<ve	  flux	  scheme.	  	  

 It	  is	  basically	  PPM	  using	  the	  edge	  values	  as	  the	  
unknowns	  and	  advanced	  using	  a	  differen<al	  form.	  
 This	  is	  a	  very	  good	  scheme.	  



Van Leer V as a discrete method in 1-D 
 Evolve	  the	  cell-‐centers	  

 Evolve	  the	  edges	  
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The truncation error for Van Leer V is exciting! 

 This	  is	  a	  great	  form	  and	  equal	  or	  be_er	  than	  standard	  
PPM	  
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We can derive the next method in the series: 
Van Leer VII (maybe these are VL X, XI instead) 
 This	  might	  be	  viewed	  as	  a	  successor	  to	  “PPM”	  using	  a	  
symmetric	  fourth-‐order	  polynomial.	  
 The	  polynomial	  is	  determined	  by	  the	  cell’s	  average,	  its	  
neighbors,	  and	  the	  edge	  values	  on	  the	  central	  cell.	  

 We	  can	  use	  fiih,	  sixth	  or	  seventh-‐order	  edge	  values	  to	  
determine	  the	  edges.	  
 Similar	  to	  a	  method	  introduced	  by	  Xiang	  &	  Shu	  
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Van Leer VII has very nice properties. 

 It	  is	  basically	  like	  a	  be_er	  version	  of	  PPM	  (6th	  order	  edges).	  
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Moving to multiple dimensions and complex 
meshes requires comment 
 Runge-‐Ku_a	  method	  of	  lines	  methods	  are	  simple	  for	  
complex	  integrators.	  
 A	  downside	  is	  that	  these	  R-‐K	  methods	  have	  strict	  CFL	  
stability	  limits.	  
 These	  can	  alleviated	  to	  some	  degree	  by	  including	  more	  
characteris<c	  informa<on.	  

 Least	  Squares	  principles	  can	  be	  used	  to	  derive	  stencils	  
e.g.,	  over-‐determined	  systems	  

!!P x , y( ) =U +Ux x − x0( )+Uy y − y0( )+Uxy x − x0( ) y − y0( )

!!+Uxx x − x0( )2 +Uyy y − y0( )2



Conclusions 

 The	  basis	  of	  most	  remap	  is	  the	  simpliest	  and	  many	  
the	  worst	  scheme	  from	  Van	  Leer’s	  classic	  1977	  paper	  
 Many	  extensions	  in	  resolu<on	  are	  possible	  for	  this	  
scheme	  and	  its	  closely	  related	  PPM	  scheme	  
 The	  four	  remaining	  schemes	  have	  a	  great	  deal	  of	  
promise:	  
 Two	  are	  basically	  discon<nuous	  Galerkin	  
 One	  is	  a	  Hermite	  scheme	  
 The	  other	  is	  a	  hybrid	  finite	  volume-‐finite	  difference	  
method	  
 These	  methods	  are	  accurate	  and	  compact.	  



Thoughts about high-order methods 

 Accuracy	  per	  unit	  run	  <me	  
 We	  care	  about	  discon<nuous	  solu<ons	  with	  shocks	  or	  
contacts	  determining	  the	  accuracy,	  
 Think	  “high-‐resolu<on”	  
 Define	  what	  accuracy	  we	  care	  about	  (symmetry,	  
energy,…)	  
 Test	  and	  quan<fy	  the	  results	  

 Measure	  the	  work,	  memory,	  and	  accuracy	  	  
 Ullrich’s	  work	  on	  methods	  for	  climate	  modeling	  is	  
useful	  –	  compare	  resolu<on,	  memory	  &	  opera<ons	  

 Think	  in	  terms	  of	  3-‐D	  <me	  dependent	  problems	  
 A	  single	  mesh	  refinement	  costs	  a	  factor	  of	  16	  more	  
 Adap<ve	  meshes	  reduce	  this	  to	  about	  8	  
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