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Previous	  Focus:	  Mul)Mat	  2011	  Presenta)on	  	  
•  Proof	  of	  Principle	  using	  Simple	  Equa(on	  of	  State:	  	  
•  “Fundamental	  issues	  in	  the	  representa(on	  and	  propaga(on	  of	  uncertain	  equa(on	  of	  

state	  informa(on	  in	  shock	  hydrodynamics”,	  	  Computers	  and	  Fluids,	  83,	  (2013)	  p.	  187–
193	  

	  

Current	  Focus:	  	  Mul)Mat	  2013	  :	  Much	  more	  difficult	  
Representa)on	  of	  uncertain	  mul)phase	  tabular	  equa)ons	  of	  state	  
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Goal:	  The	  analyst	  running	  the	  
con(nuum	  code	  should	  easily	  get	  
results	  that	  can	  be	  transformed	  
into	  the	  equivalent	  of	  “50%	  
chance	  of	  rain”	  to	  give	  to	  the	  
decision	  maker.	  



Enabling Macroscale UQ Analyses 
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Key Ideas: Quantifiable tabular accuracy is important 
and Principal Components Analysis can be used to 
reduce the stochastic dimension 



Key Idea:  Embedding a Dakota Interface in ALEGRA 
input syntax reduces “User Energy Barrier”   

Moving	  from	  poten)ally	  fragile,	  study-‐specific	  script	  
interfaces	  to	  a	  unified,	  user-‐friendly	  capability	  
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 Major new issues for Bayesian inference for 
multiphase EOS tables with many parameters 
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Uncertain Equation of State (EOS) parameters 
are inferred from data using Bayesian inference 
•  Parametric EOS Model: 

•  Bayes’ rule updates prior belief in parameter values using 
data D 

•  Prior: based on prior data or expert opinion 
•  Likelihood: how likely is the data for given parameter values 

•  Accounts for various sources of uncertainty 
•  Posterior: Probability of parameter values after updating with data 

P = P (⇥, E;�) T = T (⇥, E;�)

normaliza(on	  

prior	  likelihood	  posterior	  



Posterior distribution provides parameter 
values and their uncertainty 
•  Probability here represents the degree of belief in 

particular parameter values 
•  Various sources of uncertainty can be accounted for in the 

likelihood 
•  Measurement noise 
•  Model discrepancy 
•  … 

•  As such, the role of data is to provide information to 
reduce the uncertainty 

•  Multiple data sets can feed into the inference simultaneously 
•  The more data, the narrower the posterior distribution 
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The posterior is explored with Markov Chain 
Monte Carlo (MCMC) 
•  Hard to explore 

•  Often no explicit formula 
•  High-dimensional 

•  Generally sampled with 
Markov Chain Monte Carlo 
(MCMC) 

•  Generate proposal sample from 
Gaussian distribution centered at 
current state 

•  Proposal distribution width 
determines mixing 

•  Compute α as posterior ratio of 
new sample over old one 

•  Accept new sample with 
probability min(α,1) 

λi

λ j



MCMC in high-dimensional, complex models is 
DIFFICULT and COSTLY 

λi

λ j•  Posterior shape is often non-
Gaussian 

•  Sometimes multimodal 
•  Posterior width can vary 

several orders of magnitude in 
different dimensions 

•  Good starting point hard to find 
•  Good mixing is hard to obtain 

•  Needed to have good coverage 
•  Use optimization to find Maximum A Posteriori (MAP) 

parameter values to start chain from 
•  Use adaptive MCMC 

•  Adjust proposal covariance based on previous samples 
•  Use long burn-in time to ensure covariance is positive definite 



30 parameter Al EOS inference 
 

•  Many parameters ill-constrained by 
data 

•  Bump up against prior bounds 
•  Posterior probability not very sensitive to 

them 
•  Either must fix parameters or add 

more data 



18 parameter Al EOS inference 
 

•  Fixed parameters that are not well 
constrained by data 

•  MCMC chain over 18 parameters 
mixes better 

•  Posterior distributions are smoother 
and well-defined 



Select marginal distributions 

•  Marginal distributions 
nearly Gaussian 

•  Strong correlation 
between GR and EB 



Select marginal distributions 

•  Other parameters 
uncorrelated 



Multiphase Table Generation and 
Representation 
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Motivation for Tabulation 



Practical Table Requirements 



New Table Format 



Determining Phase Boundaries 



Topological Equivalence  



Mesh Boundaries 



Mesh Regions 

Boundary	  point	  loca(ons	  on	  each	  phase	  line	  segment	  are	  related	  by	  a	  linear	  
mapping.	  

Interior	  boundary	  point	  loca(ons	  are	  smoothed	  to	  remove	  noise	  from	  PCA.	  
Fully	  consistent	  mesh	  topologies	  are	  required.	  

Laplace-‐Beltrami	  smoother	  

Or	  other	  smooth	  mappings?	  



Tabular EOS UQ representation 

•  Random	  variables	  ξ	  are	  uncorrelated,	  with	  zero	  mean	  and	  unit	  
standard	  devia(on,	  but	  not	  necessarily	  independent	  

•  Gaussian	  approxima(on	  for	  ξ	  exact	  if	  T	  is	  Gaussian	  process;	  
accurate	  to	  second	  order	  otherwise	  

High	  precision	  
floa(ng	  point	  due	  to	  
wide	  range	  table	  
dynamic	  range	  
requirements	  



Building the first aluminum multiphase UQ 
enabled table 

•  The	  major	  issues	  with	  building	  the	  UQ	  enabled	  full	  mul(phase	  EOS	  have	  to	  do	  
with	  building	  AUTOMATIC	  robust	  EOS	  and	  table	  genera(on	  algorithms.	  

•  Parameter	  sets	  can	  be	  chosen	  that	  give	  errors	  in	  phase	  boundary	  topology	  
(kinks)	  

•  Unstable	  EOS	  regions	  can	  occur	  if	  there	  is	  not	  enough	  data	  to	  constrain	  the	  
automa(c	  inference	  process.	  

•  Any	  constraints	  that	  used	  to	  be	  dealt	  with	  in	  various	  informal	  ways	  by	  the	  EOS	  
expert	  MUST	  now	  be	  automa(cally	  detected	  and	  removed	  from	  the	  Bayesian	  
inference	  process	  as	  represen(ng	  an	  impossible	  parameter	  state.	  

•  The	  inference	  must	  include	  sufficient	  data	  and	  more	  extensive	  prior	  
constraints.	  	  

•  The	  end	  result	  will	  in	  fact	  be	  a	  much	  more	  robust	  and	  automated	  EOS	  table	  
building	  system	  with	  the	  added	  benefit	  of	  UQ	  enablement.	  

	  



Multiphase Tabular Generation and 
Representation: Initial AL UQ enabled table 

•  First	  wide	  range	  AL	  EOS	  tables	  with	  6	  phase	  regions	  in	  the	  density-‐energy	  
table	  and	  5	  phase	  regions	  in	  the	  density-‐temperature	  table	  have	  been	  
generated.	  (Triple	  point	  collapses)	  

• With	  the	  current	  data	  set	  there	  are	  36	  free	  parameters.	  
•  13	  parameters	  were	  fixed	  due	  to	  insufficient	  informa(on.	  
•  The	  MCMC	  inference	  samples	  23	  parameters	  
• We	  took	  400	  samples	  from	  the	  chain.	  	  Currently	  we	  are	  seeing	  only	  1	  
significant	  mode	  at	  1-‐e6	  cutoff	  in	  PCA	  analysis.	  	  However,	  	  we	  had	  to	  
throw	  out	  some	  samples	  due	  to	  problems	  with	  the	  mesh	  smoothing	  in	  the	  
melt	  region.	  	  

•  Accuracy	  of	  the	  tables	  is	  set	  at	  a	  rela(ve	  tolerance	  of	  .5.	  
•  Solver	  currently	  scales	  as	  N2	  so	  this	  limits	  prac(cal	  number	  of	  samples.	  
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Al Shock Ramp – Naïve approach 
•  Z	  data	  and	  ini(al	  ALEGRA	  modeling	  setup	  courtesy	  MaM	  Mar(n.	  
•  Demonstrate	  uncertainty	  analysis	  with	  mul(ple	  AL	  EOS	  tables.	  
•  Assume	  8	  tables	  each	  occur	  with	  	  .125	  probability	  
•  Dakota	  sampling	  and	  response	  func(ons	  are	  set	  up	  in	  one	  

control	  input	  file	  with	  no	  external	  user	  scrip(ng.	  



CDF profiles using a set of 8 classical tables and a 
hypothesized uniform discrete distribution. 



Al Shock Ramp Experiment – UQ AL EOS 
•  UQ	  enabled	  AL	  EOS	  from	  202	  sample	  tables	  with	  .5	  rela(ve	  

tolerance	  results	  in	  one	  primary	  mode.	  
•  PCE	  sampling	  of	  first	  mode	  with	  N(0,1)	  distribu(on	  



CDF profiles from PCE expansion of velocities 
using UQ enabled AL EOS 



Summary 
• We	  have	  developed	  a	  	  prac(cal	  approach	  to	  represent	  uncertainty	  in	  
mul(phase	  EOS	  for	  produc(on	  delivery	  to	  design	  analysts	  working	  at	  the	  
con(nuum	  level.	  

•  The	  Bayesian	  inference	  framework	  seems	  to	  be	  a	  good	  framework	  for	  thinking	  
about	  both	  the	  parameter	  es(mate	  problem	  and	  for	  developing	  the	  
distribu(ons	  on	  input	  parameters.	  

•  A	  robust	  high	  dimensional	  inference	  methodology	  is	  essen(al.	  
•  Robust	  control	  of	  prior	  defini(ons	  which	  include	  physical	  constraints	  as	  well	  as	  
sufficient	  data	  to	  constrain	  the	  parameter	  set	  is	  essen(al.	  

•  The	  new	  UTRI	  tabular	  format	  gives	  more	  detailed	  phase	  boundary	  defini(ons,	  
direct	  control	  over	  tabular	  accuracy	  and	  enables	  UQ	  representa(on.	  

•  Delivery	  for	  easy	  usage	  in	  con(nuum	  codes	  is	  	  essen(al	  in	  order	  to	  provide	  
immediate	  impact	  at	  the	  con(nuum	  modeling	  scale.	  

•  Good	  stochas(c	  compression	  has	  been	  observed	  so	  far	  for	  AL	  EOS	  models.	  

	  


